Abstract. Transport in suspended metallic single-wall carbon nanotubes in the presence of strong electron-electron interaction is investigated. We consider a tube of finite length and discuss the effects of the coupling of the electrons to the deformation potential associated to the acoustic stretching and breathing modes. Treating the interacting electrons within the framework of the Luttinger liquid model, the low-energy spectrum of the coupled electron-phonon system is evaluated. The discreteness of the spectrum is reflected in the differential conductance which, as a function of the applied bias voltage, exhibits three distinct families of peaks. The height of the phonon-assisted peaks is very sensitive to the parameters. The phonon peaks are best observed when the system is close to the Wentzel-Bardeen singularity.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT between phonons and plasmons. In [20] , the acoustic modes have been treated within a continuous elastic model, and have been integrated out in order to obtain a phonon-mediated retarded electron-electron interaction. It was shown that while the twisting mode can be neglected at low energies, the effect of the breathing mode and stretching modes should be considered. In particular, retardation effects of the breathing mode can be neglected, and an effective renormalization of the electron-electron interaction strength is found with possibly attractive interactions. In contrast, retardation effects due to the stretching mode must be retained, so that, due to the combined effects of stretching and breathing modes, the Wentzel-Bardeen (WB) singularity, describing a superconducting instability of the electron-phonon system [29] , can be reached. In this paper, we consider the case in which electron as well as phonon modes are quantized, and look to the energy spectrum of the interacting electron-phonon system. As in [20] , the major effect of the breathing mode is to renormalize the electron-electron interaction strength. On the other hand, the electronic as well as the stretching phonons parameters get renormalized by the mutual interaction, yielding 'electron'-like and 'stretching-phonons'-like excitations. Such electron-like excited levels appear as large peaks in the differential conductance, while stretchingphonon-like assisted processes appear as small peaks beside the large peaks. The phonon peak height is very sensitive to the system parameters, and it becomes larger and larger when the value of the charged plasmons' velocity is close to the sound velocity, i.e. when the WB instability [29] is approached. Thus, the experimental observation of the phonon peak would be an indication of the strong fluctuation of the superconducting order parameter, which corresponds to the WB singularity, in SWNTs. At temperatures higher than the level spacing, the discreteness of the peaks is washed out. The differential conductance then shows the characteristic TL power-law dependence on voltage, with exponents modified by the electron-phonon interaction.
Low-energy Hamiltonian
To start with, we consider a suspended, doubly clamped metallic SWNT whose fixed ends are at x = 0 and x = L. We wish to develop a low-energy theory for suspended metallic SWNTs, and restrict ourselves to the two lowest linear in k electronic subbands. Moreover, in experiments the nanotubes are typically intrinsically p-doped such that the Fermi level is shifted away from halffilling. Long-range Coulomb interaction is dominant in isolated SWNTs, because the electrons are spread out around the circumference of the tube, and the probability of two electrons to be near to each other is of the order 1/N, where N is the number of atoms on the circumference. The interaction is usually screened on a length determined either by the tube length or by the distance to nearby gates. The Coulomb interaction causes Umklapp, backward and forward scattering processes among the electrons. Away from half-filling Umklapp scattering can be neglected. We also disregard backscattering processes, which is a valid approximation if the tube radius is not too small [11] . The forward-scattering processes can be fully included within a TL model for SWNTs [9] - [11] , yielding the TL Hamiltonian
where the index j = c+, s+, c−, s− counts the four excitation sectors for total charge, total spin and relative (with respect to the two electronic subbands) charge and relative spin, respectively. The first term H N = j E j N 2 j /2 in equation (1) represents the ground-state energy. The quantities E j are the energies for total/relative charge and spin for a given number of electrons N c± and given spin N s± . Specifically, E c+ contains the charging and single-particle energies and is taken as a free-parameter hereafter, in order to include screening effects of nearby gates. For the remaining modes is E j = ε 0 /4, with ε 0 =hv F π/L the single-particle level spacing. Here, we denoted with v F the Fermi velocity, while L is the SWNT length. For SWNTs the term ε 0 δN c− should be added in H N , where δ is a small off-set caused by the discrepancy of the discretized energies between the two bands. The gate potential term −eN c+ V G is also added to the Hamiltonian. The second term in equation (1) describes the collective bosonic excitations of the one-dimensional interacting electron system. j (x) and φ j (x) play the role of the momentum and displacement field operators, respectively, and they are conjugate variables of each other, i.e., [φ j (x), j (x )] = ihδ jj δ(x − x ). Due to the interaction, the excitations propagate with renormalized velocity v j = v F /g j , where g j is the interaction parameter for the j-sector. Because the Coulomb interaction describes an interaction among total electronic densities, only the total charge sector is affected while the other sectors are neutral sectors, i.e., g c+ < 1 and g j = 1 (j = s+, c−, s−), respectively. Hereafter, we denote g = g c+ and we call j = c+ simply the charge sector. The interaction parameter is roughly estimated as
Here, R sc is a phenomenologically introduced screening scale, long compared with the tube radius R. It can be estimated to be R sc = min{L, d}, where L 1 µm is a typical SWNT length, and d is the distance to a possibly present gate electrode. The interaction parameter is estimated to be g 0.2 for R sc 1 µm [10] . The screening caused by a gate electrode nearby the nanotube is typically more effective in screening, which pushes g closer to the non-interacting value, g = 1.
We consider next the effects of the vibrations. The relevant phonon modes at low energies are those for which the quantized (due to the periodic boundary conditions in the circumference direction) transverse momentum is zero. There are three modes: stretching, twisting and breathing modes. In terms of the deformation potential, the transverse-acoustic twisting mode does not contribute at first order in the displacement [20] , so that it will no longer be considered in the rest of this work. 5 The transverse-acoustic breathing mode has a finite frequency ω B , of the order of (0.14/hR) meV Å in the long wavelength limit. The energy scale is thus larger than that of the low-energy electrons in the vicinity of the Fermi energy. However, as we shall discuss later, this mode strongly renormalizes the energy of the charge sector. In the following, we start by explicitly considering the effects of the coupling to the longitudinal stretching mode. We start from a continuum model for the vibrations [28] , such that the stretching mode corresponds to the longitudinal acoustic mode of the one-dimensional continuum. At a second stage of the calculation also the effect of the breathing mode will be discussed. The Hamiltonians for the longitudinal phonons and the electron-phonon interaction are written as
where ζ is the carbon mass per unit length, v st is the sound velocity of the stretching mode, c is the electron-phonon coupling constant, and
is the electron density. P(x) and u(x) are the momentum and displacement field operators, obeying the commutation
Before we proceed, let us discuss the relation between the coupling constant c of our one-dimensional model and the three-dimensional nature of the electron-phonon coupling in SWNTs. For a SWNT the electron-phonon interaction is written as [28] 
where the y-axis is along the circumference, ρ(x, y) is the density of electrons and V(x, y) is the deformation potential. For the stretching phonon mode V(x, y) = 2c ∂ x u x µ/(B + µ) has no y-dependence. Here, u x is the displacement field, and B, µ and c are the bulk modulus, shear modulus and deformation potential for a graphene sheet, respectively. Therefore, with
ρ(x, y) dy, we have the relation c = 2c µ/(B + µ). Since we want to investigate transport properties of the coupled electron-phonon system in a tube of finite length L, we employ open-boundary conditions for the electrons, [10, 26, 27] . For the phonon field, we have similar boundary conditions,
The discreteness of the phonon and electron spectrum in a finite length SWNT is better visualized by expanding each field operator in Fourier series as
Here, b j,n (b † j,n ) are annihilation (creation) operators of the j-sector's bosons, satisfying [b j,n , b † j ,n ] = δ jj δ nn , and k n = πn/L is the wavenumber. Similar expansions hold for u(x) and P(x) Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT where a n (a † n ) are the annihilation (creation) operators of the phonon mode obeying the commutation relation [a n , a † n ] = δ nn . Using these relations, we get
Here, ε j = ε 0 /g j is the discrete excitation energy for the j-sector, while ε a =hv st π/L for the phonons. Finally, I = c √h g/πζv st π/L is the electron-phonon coupling. The electronphonon interaction term (12) reflects the fact that the phonons couple only to the total charge density via the deformation potential. The Hamiltonian H = H el + H L,ph + H el-L,ph is bilinear in the boson operators characterizing the electronic and phonon excitations, and as such it can be exactly diagonalized with a Bogoliubov transformation (see appendix). The diagonalized Hamiltonian is,
where E β/α comes from the branch of the charge density/phonon, and is defined by,
Here, we assumed the relation ε a < ε c+ , as it holds for carbon nanotubes. The summation j in equation (13) is for the neutral sectors j = c−, s+, s−. We notice that for electron-phonon couplings I 2 = ε a ε c+ /4 the energy E α vanishes. For even larger couplings E α becomes complex which is an unphysical situation. Thus, we require that I 2 ε a ε c+ /4, where the equality sign defines the WB singularity. We notice that also the diagonalized energies have a linear dispersion relation. Hereafter, we use the index µ = α, β, ν for the three kinds of bosonic excitations, and set E ν = ε 0 .
Let us now also include the effects of the breathing mode. A quantitative estimate of these effects is discussed in [20] , where the authors evaluate the effective retarded electronic action obtained upon integrating out the phonon stretching and breathing modes. It turns out that retardation effects can be disregarded for the breathing but not for the stretching mode. Thus the breathing mode yields a renormalization of the velocity associated to the charged plasmon mode as v * c+ = a B v c+ , where . This cannot occur, not even for the smallest SWNT radii. However, the renormalized charge velocity might become of the order of the sound velocity v st for realistic nanotube radii for strongly screened interaction (yielding values of g close to one). The breathing mode also yields a renormalization of the electron-electron interaction parameter as g
This results in the increase of the electron-phonon coupling in equation (12) with (I * ) 2 = I 2 /a. In the following, we shall then consider breathing-mode renormalized parameters, with a parameter a B = 0.993 (g = 0.2), 0.804 (g = 1) as for a realistic (10, 10) tube.
We notice that also Umklapp scattering processes should reduce the charge velocity [31] . This effect would be dominant near half-filling, where a strong coupling with the stretching mode is expected [29] . Moreover, a suppression of the electron-phonon coupling is expected at half-filling [32, 33] . This situation has not been considered in our calculation, since SWNTs are usually away from half-filling [11] .
Phonon-assisted tunnelling
With the help of equation (13), we can now evaluate the density of states ρ( ). In particular, we shall focus on the density of states at a nanotube end ρ end , yielding direct information on the differential conductance. The density of states is calculated by expressing the electron field operators in terms of the boson operators [9] - [11] . After lengthy but standard calculations, see appendix, we arrive at the following finite temperature density of states at the end of the nanotube
where s is the index for the positive and negative-energy region, λ = ±, σ = ± are the band and spin indices, the summations l, m, n run on all integers. E
, where c j = 1, λ, σ, λσ for j = c+, c−, s+, s−, respectively. When the temperature is much lower than the level spacings, k B T E µ , the coefficients C µ,p are written as
Here, is the Gamma function and is the step function. The coefficient γ µ corresponds to the end-tunnelling exponents in the bosonic correlation functions, with
and γ ν = 3/4. The phase ϕ is defined by
Thus, from (16), one sees that at low temperatures a signature of the finite length of the SWNT appears in the form of discrete peaks in the density of states. More precisely, three peak families with distinct periods are identified, cf figure 1, reflecting (i) the discrete excitations of the (renormalized) charge density with energy spacing E β , (ii) the excitations of the neutral sectors with spacing E ν , and (iii) the phonon-assisted-like excitations with spacing E α . At zero temperature, the lth phonon peak height with respect to that of the corresponding electron excitation peak is given by C
For example, the ratio for l = 1 is simply γ α . For large γ µ it holds the asymptotic relation
which resembles the relation among satellite peaks due to vibron-assisted tunnelling as in [34] . Here, we estimate the amplitudes of the phonon peaks and the excitations' spacings. Firstly, we use the following quantities [10, 28] and γ β = 1.24. The estimated peak ratio γ α is quite small. However, we note that the value is sensitive to the parameters. We may have g ∼ 1 for the screening caused by the gate electrode. For g = 1 (a B = 0.804), E α = 0.0327 meV, E β = 1.33 meV, E ν = 1.66 meV, γ α = 1.76 × 10 −6 and γ β = 0.201. The sensitivity of γ α will be discussed in the next paragraph. We also note that there is an uncertainty in the precise value of the coupling constant c. Estimates in [28] yield values c 14-21 eV.
In figure 2 , the ratio of the first phonon peak height γ α as a function of the charge plasmon energy spacing and of the electron-phonon coupling is plotted. For very strong couplings, corresponding to the condition I 2 > ε a ε c+ /4, the system becomes unstable, as the WB singularity is approached. In general the ratio is very sensitive to the parameters. The peak height becomes larger for small charge velocities, especially close to the WB singularity. For the small coupling case, the system survives the collapse for a wide range of parameters while the charge velocity is increased, until finally the approach of the singularity is expected.
Conclusion
From our semi-quantitative discussion, it follows that the phonon peaks could be observed in experiments. In recent experiments [35] on suspended metallic carbon nanotubes, many excitation peaks have been observed in the differential conductance. The peaks appear outside of the Coulomb diamonds, and are almost equidistantly spaced. The period of the peaks is about 0.53 meV for a L = 140 nm length nanotube, 0.69 meV for a L = 420 nm, and 0.14 meV for a L = 1200 nm, respectively. The theoretical estimate of the period for the phonon assisted peaks is 0.77-0.09 meV, while that for the charge density is 47.5-5.5 meV (if g ∼ 0.2), and 9.5-1.1 meV for the neutral sectors. The observed peaks might be the phonon-assisted peaks discussed in this paper. The relative peak height γ α reflects the strength of the electron-phonon coupling. From the experimental data in [35] a rough estimate γ α ∼ 0.3-0.8 can be extracted. These values are much larger than those we estimated in the previous section for strong Coulomb interaction (g ∼ 0.2). Moreover, the experiments seem to agree well with the asymptotic formula (20) . This could be an indication of a strong renormalization of the electronic parameters expected when the system is close to the WB singularity. Thus, while a qualitative agreement with the experiments is found, an understanding of the lack of a quantitative agreement clearly calls for further theoretical investigations. We mention that a relation similar to (20) has also been predicted for electronic degrees of freedom dressed by a Frank-Condon factor originating from a generic vibron-electron coupling. However, also the theoretical expectation for the values of the coupling in the model in [34] seems to be much smaller than the one extracted from experiments [35] . For temperatures larger than the level spacing finite size effects are washed out, and we can adapt our calculation to the case of a SWNT of infinite length. The density of states for this case becomes
where g is the interaction parameter renormalized by the electron-phonon interaction, (g ) −1 = 4(γ α + γ β ). As expected, the charge, neutral and phonon peaks are washed out and the density of states shows a simple power-law behaviour with exponent modified by the electron-phonon interaction. The renormalized parameter g is always larger than g, showing that the phonons contribute to an effective attractive electron-electron interaction.
When a gate voltage is applied to the nanotube, the possibility to investigate Coulombblockade phenomena and Kondo-correlation effects arises. In the presence of a gate potential, the coupling between the electrons and the transverse-bending mode should be included. One can control the coupling strength by changing the gate potential. Because the bending phonon mode couples to many of the charge density modes, and it has less energy for the vibration, an instability might be easily induced. The effects of the gate potential will be discussed elsewhere.
In conclusion, we have discussed transport properties of a suspended metallic SWNT. The low-energy excitations caused by the stretching phonons are expected to appear as small periodic peaks beside the peaks for the charged and neutral electronic-like modes in the differential conductance. Each series of peaks exhibit a different power law. When the system is close to the WB singularity, the phonon peaks are large enough in height to be observed. The observation of the phonon peaks would thus indicate that the singularity is approached.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT which doesn't depend on λ, σ. Therefore the calculation can be reduced to that for the bosonic correlation function, θ j,r (x, t)θ j,r (x , 0) . Now we discuss the correlation function of the charge sector. Similar calculations have been done for the neutral sectors. Substituting the equations (6), (7) into (A.3), and using the Bogoliubov transformation 
at the end of nanotube x = x → ξ, the correlation function satisfies the relation After re-definition of the coefficients, e.g., C µ,p = D µ,p (2 sin 2 (k F ξ)/π ) 1/3 , we get the density of states (16) .
